
26/02 - Analysis in the frequency domain

In The deterministic world
,

we can Transform a signal from the Time domainevolution of the signal) To the

frequency domain (power of the signal) .

We indicate with T the period of the signal
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In The Sichastic world
,

we have a SSP with untiple realization of S (with different Time histories of the

same process) ,
So we can have different specirum of the same process
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Special density of a SSP

BEF: The special density lor"specirum") of a SSpy(t) is : Ty(w)= Dy()wt where w

is the frequency (j is the immaginary unit)

↑ (m) = F(5y(t)] is The Discrete Fourier Transformation (DFT) of the covariance function Jy(t) of The process y(t)

PROPERTIES

· My (w) is aReal function of a real variable w : Im (Ty(w)) = 0 VwER Smoneed To use 3D ploT)
POSITIVE· My(w) =0 VWEIR

Ty(m) = ReGry(w)]
VwIR EVEN· My (m) = Ty(-c)

· My(w) = Ny(w+ 2k) VWE
,
zE2z-Remix7

minimum period That can be represented :2 samples .
In faci -T

,
π wiI

WET = Wmax (Nyquist frequency (

where we cam write was

=wi = Wmax => T ? Tmin=Z

Inverse Transform : Ey(t) = FEy(wi]= Scusate da Ty(m)

5y(0) . Zit&(t) and My(w) carry the same information about y(t)

-
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Taking T= 0 :

Sy(0) =1 SMycw) etwo au= S Mylw da

"
W

-T T

area under the specirum of
y(t) between (-i i iT)



StarT wiTh The WHITE NOsE eCtI-WN(o
,
X) and compute its specirum :

5)
Ne(w) = [ Selle-iWi Ye( +0) = 0

*

+ Je(neπ + Ge(- 1)gjn2 +...= Je(de-jo·
= Je(d . 1 = X

The specirum of a WN is flaT between (it: T

T
* & ·& ...T

-T IT

But we cannot use The definition To comprie My(w) for a generic ARMA y(t) ,
because we would have

infitritly many Yy(t) .

THEOREM Of SPECTRAL FACTORIZATION

Consider a SSiv(t) as impoioga asympiotically siable

V[t] W(z) Trausfer function W(z) (im This way , y(t) is SSP) . So they(t)

special density is :

My(w) = M(w)(w(z = edny)

(ig vwWa(o
,
X*)

,
N (wi = ** )

Remark : W(z)
z = eiw

= W(giW) is called frequency response of W(z)

Example : Consider an MAIl process y(t) = e(t) + ce(t-1) with CEIR
,

e(t) -WN(0
.
2)

UsingThe formula found previously we can find

Xy(0) = (12 + (2). 1 Xy(1) = 1.c = c = (y(- 1) Yy(t) = 0 fas1

So
,
the specirum is

jw1
Ty(w) = [ 5y(z)e

wi
= (y(0)9

-wo
+ 5y(1)e-we + fy()e Remember also the negative

value of
= (1+ c). 1 + ce -w

+ce

= 1 + c + c(ew
+ ejw)Reminder 1.c + 2ccos(-1) =1+c-2 = (1- c)Im

= 1 + c + 2 COS(W) That is a REAL
,

EVEN
,

POSITIVE and ZIT-PERIODIC

e
ju

What if we use the Theorem ?
w

Re y(t) = e(t) + ce(t- 1) = (1 + (z-)e(t) = w(z)e(t)
W

My(w) = (w(z =exw))Me(w)x
= 1

same

result !
e-ju

↑(w) =(eiw)(1 + ce>w = (1 + ce
-iw)(1 + cesw)eiw = cos(w) +jsem (w)

= 1+etwein + cew + cejweiw = cos(w)-jsem(w)
= 1 + c + c(e-w

+ ejw)=> ejw+ e in = zcos(w)

=> eiw-ew
= zjsen(w) = 1 +c + 2 cos[w)

My (w(

For <[1+(5> (1-c)
2

For co [e +c) <H-c) *
*
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Inverse process ,
so Cy(d) based on My (W) : we need to apply the inverse Transform Ty(z) = SMy(w)We

da

xy(a) = 1 SI cuseiwodw = SI (1++ 2 cos(w) d

= (n[[(1+c) w] + 2 [sem(w)] 3

= (2n ((1+c)+

+ - (1+(3)(-π) + 2(0-03

= "(n &(1+a) zny = 1 +c

Different representation of ARMA processes
2) Time - doman y(t) = a,y(t -1) +

... + Ge(t) +... + ame(t-u)

2) Operational y(t) = (z)e(t)
A(z)

3) Probabilistic my , Jy(a)

my . My(2)4) Frequency -domain


